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Abstract. Following a preceding paper of Tarasov and the second author, we define 
and study a new structure, which may be regarded as the dynamical analogue of the 
Weyl group for Lie algebras and of the quantum Weyl group for quantized enveloping 
algebras. We give some applications of this new structure. 



1. Introduction 

In 1994, G.Felder, in his pioneering work 0, initiated the development of a new 
area of the theory of quantum groups - the theory of dynamical quantum groups. This 
theory assigns dynamical analogs to various objects related to ordinary Lie algebras 
and quantum groups (e.g. Hopf algebras, R-matrices, twists, etc.) In particular, the 
main goal of the present paper is to assign a dynamical analog to the Weyl group of a 
Kac-Moody Lie algebra g and the quantum Weyl group of the corresponding quantum 
group. More specifically, we give a (rather straightforward) generalization of the main 
construction of the paper |[rV|| , which, in effect, introduces dynamical Weyl groups in 



the case of finite dimensional simple Lie algebras. 

The analog of the Weyl group we introduce is a collection of operators that give rise 
to a braid group representation on the space of functions from the dualized Cartan 
subalgebra f) * of g to a representation V oi q or Uq{Q). We call this analog the 
dynamical Weyl group of V . 

We note that dynamical Weyl groups may be regarded as generalizations of the classi- 



cal "extremal projectors" introduced in ||AST|] . In particular, the dynamical Weyl group 



operators for simple Lie algebras were introduced in [^hl| , |Zh2|| , by analogy with ||AST 
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(see formula (3.5) and Theorem 2 in [|Zh2|| ). This construction, however, is different from 
that of |rV^ . 

Dynamical Weyl groups are not only beautiful objects by themselves, but also have a 
number of useful applications. To describe one of these applications, recall that in PV2 



we developed the theory of trace functions (matrix analogs of Macdonald functions), us- 
ing the basic dynamical objects introduced in | [h]Vl| ] (the fusion and exchange matrices). 
In particular, we derived four systems of difference equations for these functions: qKZB, 
dual qKZB, Macdonald-Ruijsenaars, and dual Macdonald-Ruijsenaars equations, and 
proved the symmetry of the trace functions under permutation of components and ar- 
guments simultaneously. In this paper, we use the dynamical Weyl group to develop 
this theory further: namely, we show that the trace functions and all four systems of 
equations for them are symmetric with respect to the dynamical Weyl group (while they 
are not, in general, symmetric under the usual classical or quantum Weyl group). This 
property is a generalization to the matrix case of the Weyl symmetry property of Mac- 
donald functions; being important by itself, it also allows one to prove other properties 
of trace functions (orthogonality, the Cherednik-Macondald-Mehta identities) , which we 
plan to do in a separate paper. 

As a second application, we interpret the important operator Q{X) from | EV2 | in 
terms of the dynamical Weyl group operator corresponding to the maximal element 
of the Weyl group. This allows us to calculate Q{X) explicitly, and in particular get 
an explicit product formula for its determinant. In the next paper, we will show that 
Q{X) is the matrix analog of the squared norm of the Macdonald polynomial P\, and in 
particular the product formula for the determinant of Q{\) is the matrix analog of the 
well known Macdonald inner product identities. 

Finally, a third application of dynamical Weyl groups is to the theory of KZ and 
qKZ equations, and is along the lines of [[rV|| . Recall that the main goal of [[rV|| was 
not to define dynamical Weyl groups for simple Lie algebras, but rather to construct 
commuting difference operators which commute with the trigonometric KZ operators 
and are a deformation of the differential operators from [[b'M'l'VI] commuting with the 



KZ operators. Such difference operators were constructed in |[1'V|| using the dynamical 



Weyl group of the corresponding simple Lie algebra, combined with the method of 



Cherednik ||Chl|| of lifting R-matrices to affine R-matrices. However, the method of 
frV|] allowed the authors of |T^] to prove that their operators actually commute with 
the trigonometric KZ operators only for Lie algebras other than Es,F4,G2 (i.e. for Lie 
algebras having a minuscule fundamental coweight). In this paper, we attack the same 
problem using a somewhat different method: we use the dynamical Weyl group of the 
affine Lie algebra, rather than the finite dimensional one, which allows us to avoid using 
the procedure from ||Chl|| . As a result, we obtain the same difference operators as in 
||TV|] , and prove that they commute with the KZ operators for any simple Lie algebra 
Q . We also generalize the constructions and results of |LV|| to the quantum group case. 

We note that another unexpected application of dynamcial Weyl groups appears in 
the recent interesting paper 
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The organization of the paper is as follows. 

In Section 2, we recall the basic notions used in this paper: Kac-Moody algebras and 
their quantizations, (ordinary) Weyl groups, intertwining operators, Verma modules, 
singular vectors, fusion and exchange matrices. 

In Section 3, using the operation of restriction of intertwining operators for Verma 
modules to their submodules, we define the dynamical Weyl group operator for Uq{sl2). 
We calculate this operator explicitly. 

In Section 4, we use the operator from Section 3 to define the dynamicl Weyl group 
operators for any quantized Kac-Moody algebra. We show that similarly to the Uq{sl2) 
case, the dynamical Weyl group arises from the restriction procedure for intertwiners. 

In Section 5, we continue to study the properties of the dynamical Weyl group, and, 
in particular, show that its limit at infinity gives the usual quantum Weyl group of 
Soibelman and Lusztig. 

In Section 6 we give the first application of the dynamical Weyl group: we link the 
operator Q{X) from | EV2 | with the dynamical Weyl group operator corresponding to 
the maximal element of the Weyl group. 

In Section 7, we describe the applications of the dynamical Weyl group to trace 
functions. We establish the dynamical Weyl group symmetry of these functions and 
of the equations for them introduced in |[EV2| . 



In Section 8, we discuss the dynamical Weyl groups of loop representations for affine 
Lie algebras and quantum affine algebras. 

In Section 9, using the material of Section 8, we give a more conceptual derivation of 
the difference equations from ||'1'V|| , which commute with the trigonometric KZ equations. 
We also derive the q-analogs of the equations from [TV], which commute with the 
trigonometric quantum KZ equations. 

Acknowledgements. We are grateful to S. Khoroshkin, A. Kirillov Jr., G. Lusztig, 
Ph. Roche, and V.Tarasov for useful discussions and references. The first author thanks 
IHES for hospitality. 



2. Preliminaries 

2.1. Kac-Moody algebras. We recall definitions from Q. Let A = (aij) be a sym- 
metrizable generalized Cartan matrix of size r, and (f) , 11, 11^) be a realization of A. 
This means that P) is a vector space of dimension 2r — rank(y4), 11 = {ai, a^} C f) *, 
= {hi, hr} C f) are linearly independent, and ai{hj) = aji. The elements are 
called simple positive roots. 

Definition: The Kac-Moody Lie algebra g (A) is generated by f) , ei, e,., /i, /r with 
defining relations 



[h, h'] =0, h,h' e\)] [h, Ci] = ai{h)ei] [h, fi] = -ai{h)fi] [e^, fj] = 6ijhi, 
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and the Serre relations 



E ,n ^ ^e;-'^--™e,er = 0, 

^ m\{l - ttij - — ^' * ^ * 



m)! 



m=0 
1—aij 

5^ m!(l -Oi,- -m)!'* '^'^ 

m=0 ^ ' 



Ji JjJi = 0- 



For brevity we will assume that A is fixed and denote {A) simply by . The positive 
and negative nilpotent subalgebras of g will be denoted by n-t. 

By the definition of a generalized Cartan matrix, there exists a collection of positive 
integers di, i = 1, r, such that dittij = djaji. We will choose the minimal collection of 
such numbers, i.e. the collection for which the numbers are the smallest possible (such 
a choice is unique). Let us choose a nondegenerate bilinear symmetric form on f) such 
that {h,hi) = d~^ai{h). It is easy to see that such a form always exists. It is known 
0] that there exists a unique extension of the form (, ) to an invariant nondegenerate 
symmetric bilinear form (, ) on g . For this extension, one has (cj, fj) = 5ijdj^. 

Remark. One can show that forms on g coming from different forms on f) are 
equivalent under automorphisms of g . 

A root of g is a nonzero element of f) * which occurs in the decomposition of g as 
an f) -module. A root is positive if it is a positive linear combination of simple positive 
roots, and negative otherwise. A root a is real if (a, a) > 0, otherwise it is imaginary. 
For a real root a of g , let = 2a/ {a, a) be the corresponding coroot. 

2.2. Quantized Kac-Moody algebras. Let ^ be a complex number, which is not a 
rational multiple of iri, and q = e^^^. For a number or operator B, by we mean e^^/^. 
Definition: The quantized Kac-Moody algebra Uq{g{A)) is the associative algebra 
generated by ei, e^, /i, fr, and q^,h (where g° = 1), with defining relations 

^h^h' ^ ^h+h'^ h,h'e[); q^e, = g-'^e.g^ gV. = K /.] = 

and the Serre relations 



E 



m 



NgJll 



nl — aij—m n PYYI Q 

J t J J J % 5 



where [m]^ = ^Z^-i , and qt := g*. 

For brevity we will denote Uq{Q {A)) by f/q(g). Also, to give a uniform treatment of 
the classical and quantum case, we will often allow to be (i.e. g = 1), in which case 
Uq{Q ) is defined to be [/(g ). 
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The positive and negative nilpotent subalgebras in Uq{g) will be denoted by Uq{n±). 
The algebra Uq{g ) is a Hopf algebra, with coproduct defined by 

A(g'^) = g'^ ® q\ A(ei) = ® gf' + 1 ® e^, A{fi) = /, ® 1 + q''"' ® /i, 

and the antipode defined by 

^(e.) = -e.q-'\ S{f.) = -q^^U S{q') = q-\ 

2.3. Verma modules and integrable modules. Let A G f) * be a weight. We say 
that a vector f in a module V over g or f/g(fl) has weight A if /if = X{h)v for all 
h E [) (respectively q'^v = q^^^^v). The space of vectors of weight A is denoted by 
l^[A]. Modules in which any vector is a sum of vectors of some weight are said to be f)- 
diagonalizable. Category O consists of f) -diagonalizable modules with finite dimensional 
weight subspaces, whose weights belong to a union of finitely many "conical" sets of the 
form A - 

An example of an object in (9 is a Verma module. The Verma module Mx over g 
with highest weight A is generated by one generator vx with defining relations CiVx = 0, 
hvx = X{h)vx, h E i) . The Verma module Mx over Uq{g ) is generated by vx with defining 
relations eiVx = 0, q^vx = q'^'^'^^vx- 

Remark. All the Verma modules in this paper are equipped with a distinguished 
generator (i.e. the normalization of the generator is fixed). 

We say that an object \^ in (9 is integrable if for all z, it is a sum of finite dimensional 
submodules with respect to the subalgebra generated by Cj, fi, q^^\ 6 e C. 

We say that A is a dominant integral weight if \{hi) is a nonnegative integer for all i. 
The set of dominant integral weights is denoted by P+ . 

The irreducible module Lx with highest weight A over Uq{Q ) is an integrable module 
if and only if A is a dominant integral weight. The category Oint of integrable modules 
is semisimple, with irreducible objects being Lx for dominant integral A. This category 
is closed under tensor product. 

2.4. The Weyl group. Recall that the Weyl group W of g is the group of transfor- 
mations of f) generated by the refiections Sj(A) = A — X{hi)ai. It is known that the 
defining relations for W are: sf = 1, (sjSj)™*-' = 1, i ^ j, where m^- = 2,3,4, 6, cx) if 
aijaji = 0, 1, 2, 3, > 4 (if rriij = oo then we agree that there is no relation). Any element 
of W is a product of Sj. The smallest number of factors in such a product is called the 
length of w and denoted by l{w). A representation of w G W by a product of length 
l{w) is called a reduced decomposition. 

The group W is the quotient of the group W generated by Si with the braid relations 

SiSjS{... SjSiSj... 

{rriij terms on both sides), by the additional relations sf = 1. The group W is called 
the braid group of g . 

Any two reduced decompositions of an element of W coincide not only in W but also 
in W (see e.g. ||Lu|| , 2.1.2). Therefore, the projection map W — W admits a splitting 
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7 : W ^ W , assigning to any element of W given by some reduced decomposition, the 
element of W defined by the same decomposition (of course, this is only a map of sets, 
not a group homomorphism) . Using the map 7, we will regard W as a subset of W. 

Let us fix a weight p such that p{hi) = 1 for all i. Define the shifted action of the Weyl 
group on [) hj w ■ \ = w{\ + p) — p. It is obvious that the shifted action is independent 
on the choice of p. 

2.5. Intertwining operators and expectation values. Let \^ be an f) -diagonalizable 
module over Uq{Q), and $ : Mx —>■ ®V an intertwining operator. We have = 
Vfj,^v+..., where ... denote terms of lower weight in the first component, and v G V^[A— /i]. 
We will call v the expectation value of $ and write < $ >= v. 

Let \^ be a module over Uq{Q ) which belongs to O. Let z/ be a weight of V. 

Lemma 1. For generic A the map $ ^< ^ > is an isomorphism of vector spaces 
Homu^(^g){Mx, Mx-y ®V) —>■ Vlu]. In particular, this map is an isomorphism for domi- 
nant weights with sufficiently large coordinates X{hi) for all i = 1, ...,r. 

Proof. The proof is straightforward; see |pi)|j| ] and [ [h]St] ] . □ 

This lemma allows one to define, for v G V[p] and generic A G f)*, the intertwining 
operator $^ such that < >= v. It is easy to see that the matrix elements of this 
operator with respect to the bases in Mx, Mx-^ induced by any bases in f/g(n_) and V, 
are rational functions of (A, Oj) for q = 1 and of g^-**'"*) if g 7^ 1. 

2.6. Fusion and exchange matrices. Recall the definition of the fusion and exchange 
matrices |ES], |V1|]. 

Let A G [) * be a generic weight. Let V,U be integrable [/^(g )-modules, and v G 
V[p], u G U^u]. Consider the composition 

■ Mx ^ Ma_^ 0V Mx-^^-u ®U®V. 

Then e Homc/,(g)(MA,MA_^_^ ®U ®V). We will call ^Y the fusion of $^ and 

X—fi 

For a generic A there exists a unique element x G {U ®V)[p + u] such that $^ = ^Y ■ 
The assignment {u, v) ^ x is bilinear, and defines a zero weight map 

JuvW ■■ U^V^U^V. 

The operator Jc/y(A) is called the fusion matrix of U and V. The fusion matrix JuvW 
is a rational function of A for q = 1 (respectively of if g 7^ 1). 

Also, JuvW is strictly lower triangular, i.e. J = 1 + L where L^Ulu] ® V[p]) C 
®T<u,n<aU[T] V[(r]. In particular, Jj/y(A) is invertible. 

The exchange matrix Ryui^) is defined by the formula 
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where TZ is the universal R-matrix of Uq{g). The exchange matrix has zero weight. It is 
also called a dynamical R-matrix, since it satisfies the quantum dynamical Yang-Baxter 
equation (see PV1|| ). 



In the theory of fusion and exchange matrices, one often uses the so called "dynamical 
notation", which will also be useful for us here. This notation is defined as follows. 

Let Vi, . . .Vnhei) *-graded vector spaces, and let F{X) : Vi®. . Vi®. . .®V^„ be a 

linear operator depending on A G f) *. Then for any homogeneous Ui, . . . , Ui G Vifz/j], 
we define F{X — h^'^^){ui ® . . . ® Un) to be F(X — z/j)(ui ® . . . ® In particular, when 
n = 1, we will denote the term h^^^ simply by h: that is, F{\ — h)v = F{\ — u)v if v has 
weight u. 

2.7. Singular vectors in Verma modules. Recall that a nonzero vector in a Uq{g)- 
module is said to be singular if it is annihilated by Cj for all i. 

Let w G W and w = . . . s,; be a reduced decomposition. Set a' = and = 

{sij . . . Si.^j^){ai.) for j = 1, ...,/ — L Let Uj = 2 ^^^f'^j-^ ■ For a dominant A G P+, rij are 

positive integers. Let = di- (where di are the symmetrizing numbers). 
We will need the following lemma, which is similar to Lemma 4 in [ [rV|| . 

Lemma 2. Let X be a dominant integral weight. Then the collection of pairs of in- 
tegers (ni,d^), (nk,d^) and the product /"^ ■■■fa' does not depend on the reduced 
decomposition. 

Remark. The second statement of the lemma is known as the "quantum Verma 



identities" and is proved in |[Lu|| , Section 39.3. In the case g = 1, it goes back to Verma. 
However, we will give the argument (which is somewhat different from the one in [[Lu|| ) 
for the reader's convenience. 

Proof. It is sufficient to prove the statement for two reduced decompositions that can 
be identified by applying a braid relation once. Therefore, it is sufficient to check the 
statement for rank 2 Lie algebras ^2, -62,^2. In this case the only element that has 
two different reduced decompositions is the maximal element wq. So we can assume 
that we are dealing with the two different reduced decompositions of w = wq, namely, 

W = Si,...Si, = Si'^...Si'^. 

Since = Wq, it is easy to see that for either reduced decomposition, a^, . . . , a' are 
all the positive roots (each occuring exactly once). 

Hence, the collection (ni, d^) . . . {ni,d'') does not depend on the reduced decomposition. 
Let nj,n- be the numbers defined above for the two decompositions. The vectors 

u = /".^ ■ ■ ■ /a' "^A, u' = fa] ■ ■ ■ A are siugular vectors in Mx of weight Wq ■ A (they 

are nonzero, since the algebra f/q(n_) has no zero divisors). 

For Lie algebras ^2,-82,^2, it is easy to see that the space of singular vectors in Mx 
in the weight wq ■ \ is 1-dimensional. Indeed, the module M^^.x is irreducible, so if 
there were two independent singular vectors of weight wq ■ A, then the direct sum of two 
copies of M^Q.A would be contained in Mx- But this is impossible, since some weight 
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multiplicities of this direct sum are bigger than the corresponding weight multiplicities 
of Ma. 

Therefore, the vectors u, u' are proportional. Since Mx is a free module over the 
subalgebra f/g(n_), we have fa], ■ ■ ■ f2\, = cfal^ ■ ■ ■ fa^ Uq{n_) for a suitable c G C*. 

We claim that c = 1. Indeed, consider the natural homomorphism from f/g(n_) to the 
algebra generated by fi with the relations fifj = Qi''^ fjfi, i < j, sending fi to fi (it is easy 
to check that such a homomorphism exists). The images of the two monomials under 
this homomorphism differ by a power of q, which implies that c = q"^. On the other 
hand, since the Serre relations are symmetric under q — > q~^, a similar homomorphism 
exists if q is replaced with q~^, which yields c = q~"^. Thus, c = 1, as desired. □ 

Let 6 he a reduced decomposition of w G W given by the formula w = Sj^...Sj;. Define 
a vector v^.^^^ ^ ^\ by 

fni tni 

This vector is singular. It does not depend on the reduced decomposition 5 by Lemma 
H, so we will often denote it by v-^.^- 

3. The main construction for Uq{sl2) 

3.1. The operators Asy{^)- Let q = 5/2- Identify the space of weights for s/2 with 
C hj z & C ^ za/2, where a is the positive root; then dominant integral weights are 
identified with positive integers. 

Let s be the nontrivial element of the Weyl group of 5/2- Let V be a finite dimensional 
f^(j(-s/2)-iiiodule, and let A be a sufficiently large positive integer (compared to V). Define 
a linear operator ^^^^(A) : V ^ V a.s follows. 

Fix a weight u of V. Let v G Vlu]. Consider the intertwining operator $^ : Mx — *■ 
Ma_i/® V. By Lemma ^ such an operator is well defined. 

Lemma 3. For a sufficiently large positive integer X, there exists a unique linear oper- 
ator Asy{X) : V V such that 

'^a'^s-a — '^s.(A^-!/)® ^s,v{^)v + lower weight terms, 
(where the weight is taken in the first component) . This operator is invertible. 



Proof. The proof of existence and uniqueness of Agy is straightforward (see e.g. |[TV|| ). 
To prove the invertibility, it is sufficient to observe that for an irreducible module V 
and large A, the map ^^^(A) : Vlu] Vl—u] is nonzero. Indeed, the tensor product of 
a Verma module with a finite dimensional module does not contain finite dimensional 
submodules. Thus, the operator $^ cannot have finite rank, and hence has to be nonzero 
on M_A_2. □ 



DYNAMICAL WEYL GROUPS AND APPLICATIONS 



9 



Thus, the operator A^yW is the effect, at the level of expectation values, of the 
operation of restriction of an intertwiner from Mx to Mg.x. 

The goal of the next few sections is to compute the operator Asy{X). This can be 
done analogously to |[TV|| , using a direct calculation and identities with hypergeometric 
functions. However, we would like to give a different derivation, which seems to be a bit 
simpler (in the spirit of [ [ti]V2| |, subsection 7.2). 

The main tool of the calculation is the following important property of As y{X). 

Lemma 4. Let U,V be finite dimensional Uq{sl2) -modules. Then 
(2) As,umWJuv{\) = Juvis ■ \)Af},iX)A^^li\ - h^'^) 

where A^^^ denotes A0 I, A^"^^ denotes 1 A. 

Proof. The lemma is an easy consequence of the definitions: it expresses the fact that 
the operation of fusion of intertwiners commutes with the operation of restriction of 
intertwiners to submodules. □ 

3.2. Calculation of Asy{X) in the 2-dimensional representation. For brevity we 
denote A^y by Ay. Consider the case when V is the 2-dimensional irreducible repre- 
sentation with the standard basis f+ and f_, such that ef+ = fv_ = 0, ef_ = f+, 
/f+ = f_, q'''^v± = q^^v±. 

Lemma 5. One has 

Av{X)v+ = qv., Av{X)v^ = 

Proof. Consider the intertwiner It satisfies the relation 
Therefore, 

This implies after a straightforward calculation that 

Av{X)v+ = qv^. 

Now let us consider the intertwiner . It satisfies the relation 

^I'vx = vx+i (S)v^- q'^[X + l]~'^fvx+i ® v+. 

Therefore, 

fX+l 1 
[A+iJg! [A + ijg! 

This implies that 

AyiX)v_ = -q-'^^^v^, 

[A + L\q 



10 



p. ETINGOF AND A. VARCHENKO 



as desired. □ 

3.3. The calculation in any finite dimensional representation (up to a con- 
stant). Now we let V = Vm be the irreducible representation with highest weight m. 
For any k = 0, ...,m, define a linear map A^(A) : V[m — 2k] V[2k — m] to be the 
restriction of Av{X) to Vim — 2k]. If we choose generators of the 1-dimensional spaces 
Vim — 2k], this map will be expressed by a scalar complex valued function of A. 

Up to a A-independent factor, this function is independent on the choice of the gen- 
erators. Thus, we can naturally understand A^{X) as an element of the group 

(nonvanishing complex valued functions on Z+ + A^)/C*. 

(where iV is a large enough number). This will be our point of view in this subsection. 
The equality of two elements in this group will be denoted by the sign =. 



Proposition 6. One has 



Ai [x-m + k + j]g 



Remark. In the case q = 1, this proposition appears in |[rV| . 

Proof. Let m > 1. Consider equation (|^) in the weight subspace of weight m — 2k + 1 
in the tensor product Vi ® Kn. Let us identify this weight subspace with the opposite 
one in any way, and take the determinant of both sides of (0). 

Since the fusion matrix is triangular with the diagonal elements equal to 1, its deter- 
minant is 1. Therefore, using the decomposition Vi ®Vm = Kn-i © Vm+i we obtain for 
k = 0: 

^^+i(A)=A^(A)A?(A-m), 

and for 7^ 

^^+i(A)At-\(A) = At{X)A'^\X)A'i{X -m + 2k)A\{X -m + 2k-2). 

Now let us substitute the values of A\ and A\ computed in the previous section. Then 
we get 

^^(A) = 1, 

/,N [A Tfl -\- 2}i]q 1^ Ak—1 / \ 

Am+ll^J = ^X _ ^ _^ 2k — 1] "^^^ ^Aj^m-llAj 

It is clear that A'^ is completely determined from this equation. It remains to check that 
the expression given in the proposition satisfies the equations, which is straightforward. 

□ 



Corollary 7. The operator-valued function Av{X), defined for large positive integers, 
uniquely extends to a rational function of X (for q = 1) and of q^ (for q ^ 1). For 
generic X, the operator Asy{X) is invertible. 
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Proof. The existence follows from the above explicit computation of Ay. The uniqueness 
is obvious, since the function is defined at infinitely many points. The invertibility follows 
from Lemma |^. □ 

3.4. Limits of Ay (A) at infinity. In the previous subsection, we have calculated Ay 
up to a constant. In this subsection, we will explicitly calculate this constant. 

Let \^ be a finite dimensional representation of Uq{sl2)- Proposition ^ implies the 
following result. 

Corollary 8. (i) If q = 1 then the map Av{X) has a limit Ay = Ay at X = ±oo. // 
q ^ I, the map Av{X) has a limit Ay as g'^ —> oo and Ay as q^ — >• 0, respectively, 
(a) One has 

A- I _ „-2A:{m-fe+l) /i + l 

^ykm[m-2fe] — q Ay\v^\ja-2k]- 

In other words, one has 

where u is the Drinfeld element m2i{S ® 1)7^, [Pi)| (here m2i(a ® 6) = ba). 
(Hi) Define 

/tool „—k(m—k+l) A + \ „fc(m— fc+1) a — \ 

\Vn,[m-2k] — Q ^v\Vm[m-2k] — Q ^v\Vm[m~2k]- 

to he the geometric mean of the two limits. Then one has 

Ay{X)=A^By{X), 

where By{X) is a weight zero operator, defined by 



Bvm{'X)\v„,[m~2k\ - W 



[A + l+j] 
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Remark. Recall that the element u acts on Vm as g-™-(m+2)/2g/i_ 
3.5. Computation of A^.A'^. Let 7^o = 7^g-W2 
Proposition 9. One has 



V) 



Proof. Theorem 50 from [[EV1|| implies that as q oo, one has Juv{X) 1 and 



Juv{.~X) T^Q^. Thus, going to the limit g'^ — > oo in (Q), and using Theorem 50 from 
EV1|| , we obtain the proposition. □ 



Remark 1. We take this opportunity to correct the statement of Theorem 50 of |[EV1 
First of all, the condition |g| < 1 should be replaced with |g| > L (The paper ||ESt 
whose results are used to prove the theorem, refers to the comultiplication opposite to 
that of ||EV1|| , and the two comultiplications are related by the transformation q — > q~^- 



cf. formula (45) in ||EV1|| ). Second, n± should be replaced by b± in the line preceding 
the theorem. 
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Remark 2. Another proof of Theorem 50 of ||EV1|| (different from the original one) 
can be obtained by sending A to oo in the ABRR equation (see ||ABRR| , [ES|| ). 

Define Ay := Ayq 4 . It follows from Corollary part (iii) that on Vm, one has 

A'y = A~g'™('»+2)/4_ 

Corollary 10. One has 

^V(g>u — Ti^^iA'y ® A^). 
Proof. Straightforward from Proposition 0. □ 



Proposition 11. One has in V: 

A'yf = -q^'eA'y, A'yC = -q'fA'y. 

and 

A^f = -q-'eA^, A^e = -q'fA^. 

Proof. We prove the relations for Ay] the relations for Ay follow automatically since 
these two operators are proportional. 

If V is 2-dimensional, then A'y is known, and it is straightforward to establish the 
result. From this and Corollary |T0| it follows that the result is true if V is the tensor 
product of any number of 2-dimensional representations. But any finite dimensional 
representation is contained in such a product, so we are done. □ 

Now let Vm be a highest weight vector of = Vm- Let us compute the operator of 
A'y in the basis Vm-2j ■= jjj^Vm, j = 0, ...,m. 

Proposition 12. One has 

A^Vm^2, = {-iyq"'-^'V2,-m- 

Proof. First of all observe that in V^^"^, one has A^(/™)vf™ = [mjjw?"' (where A„ 
is the iterated coproduct). On the other hand, using the expression for Ay for the 
2-dimensional V , and the expression for Ay^^^y^ given in Proposition ||, we get 

4«™(t;r) = r(^^™)- 

But Vm is the submodule of V®*" generated by f®™. Thus, for 

AyVm — AyVm — Q V-m- 

Now the result follows from Proposition [TT| by a direct calculation. □ 
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3.6. The operators By(\). Following ||TV|] , define the operators -By (A) by the formula 

Proposition 13. (i) By preserve the weight decomposition, 
(ii) -^l asq^ +oo; By 1 as ^ 0. 
(Hi) One has 



A (A + 1 - m + 2/c - j%T2 

where {a)q := ^fj- is the nonsymmetric q-analog of a. 

(iv) If q = l, then By, By are equal to the operator By from Corollary^. 

Proof. The proof of this proposition is straightforward from the previous results. □ 

Proposition 14. The operator By [X) is given by the action in V of the universal ele- 
ment 

B+{\)=pi\,h,eJ), 

where 

p(A.M./):^$:,'<'-.V=i^/Vn|X37bH;' 

fc=0 L J'' 1^=0 L 

In particular, forq = 1, the operator B^ = B coincides with the operator B from section 

2.5 of mi- 

Remark. Similar formulas can be deduced for B~ and B. 

Proof. This is proved by a straightforward calculation with intertwiners, which general- 
izes to the q-case the calculation of |[rV||. Another proof is given as a remark in Section 



6. □ 



4. The main construction for any g : the dynamical Weyl group 

4.1. The operators A^ylX). Let us return to the situation of a general 0. Let V be 
an integrable )-module, and z/ be a weight of V. For any simple reflection Sj G W, 
we define an operator-valued rational function ^^.^(A) : Vlu] — > ^[siZ/] by the formula 

As^y{X) = AsyiXihi)), 

where V is the f/g-(s/2) submodule of V generated by Vlu]. 

Let w G W , and let w = Sij...Si, be a reduced decomposition. Let us call this reduced 
decomposition S. 

Definition: Define the operator A^y^siX) : V^[z/] Vlwu] by 

A^y,s{X) = As^^{si^...Si^ ■ X)...A,^^_^{si^ ■ X)As^^{X). 



14 
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Thus, the function Awy,sW\viu] uniquely extends to a rational operator valued func- 
tion of the variables (A,aj), respectively q'^^-°'^\ This function is generically invertible. 

The following two results play a crucial role in our considerations. 

Let $ : Mx — > ® V" be an intertwiner, (^v\ = f^® < $ > +... Assume that A is 
dominant, and A(/ij) are sufficiently large for all i. 

Proposition 15. For any 6 and w & W , one has 

^'^t x,5 = '^w-fi,5 ® Awy,5i^) < $ > +lower weight terms. 

Proof. The statement follows easily from the definitions by induction on the length of 
w. □ 



Corollary 16. The operator A^y^sW is independent of the reduced decomposition 6 of 
w. 

Proof. If A is large dominant, the statement is clear from Proposition since v^.^^ 
is independent of the reduced decomposition 5 of w by the quantum Verma identities 
(Lemma |]). For an arbitrary A, the statement follows from the fact that a rational 
function is completely determined by its values at large dominant weights. □ 



Thus, we will denote ^^(A) simply by Ay^yW- Proposition |T5| shows that as for 
Uq{sl2), the operator A^jy^sW is the effect, at the level of expectation values, of the 
restriction of an intertwiner from Mx to My^.\. 

The following lemma is an easy consequence of the definition. 

Lemma 17. Ifwi,W2 G W, l{wiW2) = l{wi) + I{w2), then 

(A) = Aw^y{w2 ■ A)y4^2y('^) 

on V [u] . 

More generally, we can define the operators ^^^^(A) for any element w of the braid 
group W. Namely, let be the inverse of Sj in W, and define the operator A^-i y{X) 
by 

A^-iy{X) = AsM^i ■ X)-\ 
Now, if w = s1^...s1'^ where = ±1, then we define A^y^X) by the formula 
A^y{X) = A^^i{si,...Si, ■ X)...A^i-i{si^ ■ X)A^^i{X). 

'■1 H-l H 

It is easy to see from Corollary |1^ or Lemma |1^ that this definition is independent on 
the product representation of w but depends only of w itself, so the notation Ayjy is 
non- ambiguous . 
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4.2. The dynamical Weyl group. The above resuhs imply that using the opera- 
tors A^ y{X), one can define a C-linear action of the braid group W on the space of 
meromorphic functions of A with values in V, by the formula 

(w o /)(A) = A^y{w~^ ■ X)fiw-^ ■X),weW 

Now we will give the main definitions of this paper. 

Main definition 1: Let V be an integrable t/q(g )-module. The W -action f —>■ wo f 
on ^-valued functions on [) * will be called the shifted dynamical action. 

We would also like to give a name to the operators A^, y(A), since they play a central 
role in the paper. We defined these operators for all w G W . However, the operators 
Au,y corresponding to elements w of W (regarded as a subset of W) are especially 
remarkable and occur especially often in applications. Therefore, we will restrict our 
attention to them, and make the following definition. 

Main definition 2: We call the collection of operator valued rational functions 
Aw,v{^), w eW the dynamical Weyl group of V. 

Remark. One of the important properties of dynamical R-matrices is that they 
tend to usual R-matrices when the dynamical parameter A goes to infinity (see |[EV1|| , 
Theorem 50). On the other hand, we will show later that when A goes to infinity, the 
operators A^, y(A) tend to elements of the usual classical or quantum Weyl group acting 
in V. This justifies the term "dynamical Weyl group". 

We also define the (unshifted) dynamical action w w* of W on functions of A 
with values in V as follows. We introduce the operators 

Anjy{X) = A^y{-\ - p + ^h). 

Then by the definition 

{w * f){X) = A^y{w-'X)f{w-'\). 
Remark. Observe that for Wi,W2 G W, such that l{wiW2) = l{wi) + l{w2), one has 

(A) = Awl,v{w2X)Aw2y{^)■ 
^h.is implies that w* is indeed an action of W . 

4.3. The dynamical Weyl group of the tensor product and the dual represen- 
tation. The following is one of the main properties of the dynamical Weyl group. 

Lemma 18. Let U, V be integrable Uq{Q ) -modules. Let w eW . Then 

(3) A^,uM>^)Juvi\) = Juviw ■ A)<V(A)<Ua - h^'^) 

where A^^^ denotes A 1, and A^"^^ denotes 1 A. 

Proof. As for Uq{sl2), the lemma is an easy consequence of the definitions: it expresses 
the fact that the operation of fusion of intertwiners commutes with the operation of 
restriction of intertwiners to submodules. □ 
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Corollary 19. For any w G W the dynamical R-matrix RyuW satisfies the relation 
Rvuiw ■ A) = <Ua)<Ua - h^''>)RvuWA%{X - /.(^))-^<V(A)-^ 

Remark. Here y4^^^(A — h^'^^)^'^ is the inverse of the operator ^^^''^^(A — /i^^^). 

Now let g be finite dimensional, and let us calculate the dynamical Weyl group oper- 
ators on the dual to a given representation. 

Recall that the dual space U* of a ?7q(g )-module U has two module structures. The 
first one is given by a — > {S{a)\uy and the second one is given by a — ^> {S^^ {a)\u)* . The 
corresponding f/g(g)-modules are denoted U* and *U. These modules are isomorphic, 
via ■*u ^U*. 

Let Qu{\) -.U^Uhe gi ven QuW = E(cD*Ci, where ® = Ju*uW (this 
operator was introduced in ||EV1| , [EV2|| ) . 

Proposition 20. For any w G W one has 

A^,^u{Xy = Qu{X)A^,u{X - h)-'Qu{w ■ Xy\ 

and hence 

A^,u*W* = q''Qu{X)A^,u{X - h)-'Qu{w ■ X)-'q~^'. 

Remark. This formula has recently been used in the theory of trace functionals on 
non-commutative moduli spaces of fiat connections, see 



Proof. It is enough to establish the first formula. The proof of this formula is obtained 
by specializing formula to the case V = *U, dualization of the second component, 
and multiplication of the components. □ 

Here is another formula for the dynamical Weyl group of the dual representation, 
which is valid on the zero weight subspace, and involves a sign change for A. 

Proposition 21. One has 

Aw,u*{w~'^Xy\u[o] = Aw,'-u{w^^Xy\u[o] = A)|[/[o] 
Proof. Let w = Sj^...Sj; be a reduced decomposition. Using the Main Definition, we have 

A.^,c/-(-A)...A,,,c/-(-Si,_,...Si,A) 
(in the last equality we used that ^^.^(A) depends only of (A,a;i)). This implies that 

^»,c/.(w"U)* = As,^,u4-Sk.^-Si,Xy:.As,^,u*i-Xy 
But for g = s/2 we obviously have 

As,u4^y = As,u{X) 

on U[0]. This, together with the Main Definition implies the result. □ 



dynamical weyl groups and applications 17 
5. Further properties of the dynamical Weyl group 

5.1. Limits of Ay^y{\) for any q. Let q be any Kac-Moody algebra, and w E W . 
Let V be an integrable Uq{Q )-module. For a root a, let be the sign of (A, a) in a 
Weyl chamber C. 

Proposition 22. (i) If q = 1, then the map Ayuy{X) has a limit A'^^y at \ ^ oo in a 
generic direction. If q ^ 1, then for any Weyl chamber C the map yl^ y(A) has a limit 
A^Y as \ ^ oo in a generic direction in the chamber C . 

(a) Let us agree that for q = 1, A^y := A'^y for all C. Then, for every reduced 
decomposition w = Si-^...Si^, and any q, one has 

where y are the elements A'^y for the subalgebras generated by e^, /j, (for q = 1) 
or ei,fi, q^'^' (for q^l). 

Proof. The proof follows easily from the results of the previous section and the Main 
Definition. □ 

We will mostly consider the operators A'^ ^ if C is the dominant or the antidominant 
chamber. In this case we will denote A^ y by A^ y and A~ y, respectively. 
Part (ii) of Proposition implies the following statements 

Corollary 23. The assignments Si —>■ A'^^ y, Si A~, y extend to actions ofW on V. 

Proof. Clear. □ 

Corollary 24. On V[0], one has A~ y^^-i v ^ ^ ■^^'^ ^'^^ w eW . 

Proof. To prove the statement for any Lie algebra, it is enough to do so for g = SI2, in 
which case the result is an easy consequence of the results of Section 3. □ 

5.2. The relation to the quantum Weyl group. In this subsection we will discuss 
the relationship of the dynamical Weyl group with the quantum Weyl group for Uq{Q). 

The quantum Weyl group was introduced by Soibelman for finite dimensional q (see 
KoSof ) and by Lusztig in the Kac-Moody case (see |[Lu|| ). It is discussed in many books 



and papers, which use various (though pairwise equivalent) conventions. We will use 
the conventions of the paper Pa|] . 

The quantum Weyl group element S in a completion of Ug{sl2) is defined by the 



formula Sa 



exp^-.{q-'eq-^) exn _,(-/) exp,-.(geg'^)g^(^+l)/^ 



"9" 

_,m(m — 1) / 2 



where expp(x) = 2^m>o [m] ! — According to |Sa|J, Proposition 1.2.1, this element 
acts in = as 

= {-ir-'q^"'-'^^^^'^V2j- 



-m 
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Therefore, in V we have: 

Proposition 25. For a finite dimensional Uq{sl2) -module V , one has 

= {-!)% Ay = q^S-' 

where (—1)^ is the transformation acting by —1 on even- dimensional irreducible modules, 
and by 1 on odd dimensional ones (i.e. the quantum analog of the element —1 of the 
group SL{2) ). 

Proof. This follows at once by comparing the actions of both sides on basis vectors of 
V. □ 

Now let g be a Kac- Moody algebra. Following JS^, define the element Si to be 
the element S of the simple root subalgebra of Uq{Q) corresponding to the simple root 
Qfj. The elements Si define operators on any integrable module (the "symmetries of an 
integrable module" defined by Lusztig ||Lu|| ). 

As an immediate corollary of Proposition we obtain the following well known and 
important result (see [[Cu|],Pa|]). 

Corollary 26. The elements Si satisfy the braid relations ofW in any integrable mod- 
ule. 

Proof. The result follows immediately from the equality Ay = g'^S"^ and Proposition 



Remark. In particular, this result is valid for g = 1 and yields a braid group action on 
integrable modules over a classical Kac-Moody algebra. This action factorizes through 
an extension of W by a group isomorphic to (Z/2)''. 

For w e Sil-.-s'l'- G W, let be the quantum Weyl group operator corresponding to 
^(i.e. §. = 5f\..5f;. 

Proposition 27. For an integrable Ug{g)-module V and w G W, one has A'^y = 
{—iy'^~'^^'^'By^, where is an element of i) such that ai{p^) = 1 for alii. 



Proof. This is immediate from Proposition ^ and the definition. □ 

Remark. Analogously to this proposition, the limits A^y of the operators Awy{X) 
in Weyl chambers C other than the dominant one give rise to other variants of the 
quantum Weyl group. 

5.3. The dynamical action of the pure braid group. Define the pure braid group 

PW to be the kernel of the natural homomorphism W — W . This group is the smallest 
normal subgroup of W which contains sj for all i. So it is generated by the elements 

wsfw^^, w eW . 
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The dynamical action of W on functions of A with values in an integrable Uq{g)- 
module V induces an action of PW on functions with values in any weight subspace 
Vlu] of V, which is linear over the field F of scalar meromorphic functions of A. 

Proposition 28. The group PW acts in Vlu] by multiplication by a character x '■ 
PW — >■ F* , which is W -equivariant (i.e. x{'wpw~^){X) = x{p)iwX)), and is determined 
by the relations 



Q 



Proof. It is sufficient to prove the result for 3/2- In this case, we have a unique simple 
reflection s, and 



(s*y = Avi-X)AviX) = (A^YBviX - l)Bvi-X - l)vm. 

But {AyY = (— 1)'^ on V. Therefore, by the explicit formula for By we have (s*)^ = 
as claimed. □ 

It is easy to see that if V is an integrable module over Uq{g ) then the dynamical Weyl 
group operators preserve the space of functions on () * with values in the zero weight 
subspace V[0]. So let us consider the dynamical action of the braid group restricted to 
this space. 

Corollary 29. The dynamical action of the pure braid group PW on functions of X with 
values in V[0] is trivial. Therefore, the dynamical action of W on this space induces 
an action of the Weyl group W. In particular, the 1-cocycle relation A^im,2,v(A) = 
Au]iy{X)Au,2,v{wi ■ X) of Lemma is satisfied for any wi,W2 G W (i.e. without the 
requirement l{wiW2) = ^(wi) + ^(^^2) )■ 



Proof. Follows immediately from Proposition 2S. □ 



Remark. Note that these results are false for the usual (non-dynamical) quantum 
Weyl group, unless q = I- The action of the pure part of the quantum Weyl group does 
not, in general, reduce to a character, and the action on the zero weight subspace is, 
in general, nontrivial. This seemingly paradoxical situation is similar to the situation 
with trigonometric R-matrices with a spectral parameter: these R-matrices satisfy the 
involutivity condition and hence define representations of S'„, but tend at infinity to R- 
matrices without spectral parameter, which fail to satisfy involutivity and hence define 
only braid group representations. 



5.4. The operators B^y{X). Let w E W . Following ||TV|| , define the operators 
B^y(X) by the formula 

KvW = (A^vr'A^yiX). 

For example, in the Uq{sl2) case, and w being the only nontrivial element, we have 
B^y{X) = -By (A) (see the notation in Section 3). 
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Proposition 30. (i) B^y preserves the weight decomposition, 
(ii) We have B^y 1 as g^^'"') ^ +oo; B;^ y ^ I as g^^'"') 0. 
(Hi) If q = l, then B^y equals B~y. 

Proof. The proof of this proposition is straightforward. □ 

Thus, if g = 1, we will denote B^y = B~y simply by B^y. 

From the definition of the dynamical Weyl group it follows that the operators B^y, 
like the operators A^jy, admit a factorization into a noncommutative product of l{w) 
terms. For the sake of brevity, we will consider only the operators B^y] the story for 
B~ y is analogous. 

Let w eW . Fix a reduced decomposition 6 of w: w = Si-^...s^. Recall that in Section 
4 we assigned to this reduced decomposition a sequence of roots a^, ...,aK 

It follows from Lusztig's theory of braid group actions on Uq{Q ) |[Lu|| that there exists 



a unique element e_^^j of Ug{g) which acts in any integrable module V as 
(a "Cartan-Weyl generator"). We also let /i^q- = w{hi). 

Proposition 31. The operator B^y{X) is obtained by the action in V of the universal 
element 

I 

where the indices increase from left to right. 

Proof. Straightforward from the definition. □ 



In particular. Proposition |3T| implies that the operator B^y{X), unlike the operator 
y(A), is well defined on weight spaces of any module V over Ug{g ) from category O 
(not necessarily integrable). Namely, it is defined by the product formula of Proposition 

m 

Proposition ^ also implies the following determinant formula for B^y acting on a 
weight subspace. 

Let w eW and w = be a reduced decomposition of w. Let /3 be a weight of 

a finite dimensional f/q(0 )-module V. Let 



^-2({A+p,a^)+j) _ I 
^-2((\+p-l3,a^)-j) _ l 



Corollary 32. One has 



I 



M<y(A)iy[,])=nn^i/3fc(%'^) 

j=l k>0 
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where 

dy{a, f3, k) = dim{V[(3 + ka]) - dim{V[(3 + {k + l)a]). 

Proof. Straightforward from the definition. □ 

5.5. The operators B^^ extremal projectors. Let q be finite dimensional, 

Wo the maximal element of the Weyl group of g . Let be the Verma module with 
highest weight fi. Let 7 be a nonnegative linear combination of simple roots. 

Proposition 33. For generic fi, the operator-valued function -8^]^^^ ^^^(A) |A,/^[^t-7] is reg- 
ular at the point A = —2p, and the operator j^i^[—2p) is the projector to the highest 
weight space of along the sum of other weight spaces (the extremal projector). In 
other words, S+jv/„(-2p)|Af^[M-7] = '^to-^^^- 



Proof. The first statement is immediate from Proposition |31|, as for g = 5/2, the operator 
valued function B^{\) of A is regular at integer values of A when restricted to a weight 
subspace of a generic Verma module. 

Let us now prove the second statement. Because p is generic, any nonzero homoge- 
neous vector V G of weight different from /x is not singular. Thus, it suffices to show 
that for any non-singular homogeneous vector f , one has B^^ j^j^v = 0. 

Let f be a non-singular homogeneous vector in M^. Then there exists an index i such 
that CiV 7^ 0. We will assume that v is an eigenvector for the Casimir operator of Ug^ (3/2), 
since this does not cause a loss of generality. Let be the submodule of over L/g.^sh) 
generated by v. Then is a Verma module, and f is a nonzero homogeneous vector in 
Yy which is not singular. 

Let Wq = SiJ^...Si^ be the reduced decomposition of Wq, such that ii = i. By Proposition 



31| , to this decomposition there corresponds a factorization 

<„A/,(-2p) = n-p(-2,/i.,e„/,), 

where 11 is the product of the terms in the product formula for B^^ y corresponding to 
all but the last factor in the reduced decomposition of Wq. Thus, it suffices to show that 
p{-2, hi, Ci, fi)v = 0. 

But this is immediate from the product formula for the operator B in Corollary |^: 
the first factor in this product has numerator A -|- 2, and so for A = —2, the product 
vanishes whenever the set of indices over which the product is taken is nonempty. The 
proposition is proved. □ 



We note that extremal projectors appeared in ||AST|| and there is an extensive theory of 



them (see e.g. ||Zhl| , |Zh2|| ) . In particular. Proposition in the case of finite dimensional 



Lie algebras and q = 1, essentially appears in |[Zhl| , |Zh2|| (see Theorem 2 of ||Zh2|| ) . 



5.6. The dynamical Weyl group of a locally finite module. Let V he an i)- 

diagonalizable f/q(g ) -module. Recall that V is said to be locally finite if any vector of 
V & V generates a finite dimensional submodule over the quantum Uq^{sl2) subalgebras 
corresponding to all simple roots. 
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Lemma 34. Let q be finite dimensional, and let V be a locally finite Uq{Q) -module. 
Then the submodule generated in V by any vector v is finite dimensional. 

Proof. It suffices to assume that v is homogeneous with respect to the weight decompo- 
sition. 

Let {ca} be the Cartan-Weyl generators of f/q(0) corresponding to some reduced 
decomposition of the maximal element of W. By the PBW theorem (see |^a|| ), the 
submodule C is given by = Yla ^[^a]v, where C[ea] is the algebra of polynomials 
of Ca, and the product is taken over all roots in a suitable order. Since the product is 
finite, and is a sum of finite dimensional C[ea]-modules (because is conjugate 
to some Ci under Lusztig's braid group action on [/^(g)), we have that Y^ is finite 
dimensional. □ 

It is clear that the operators A^ y{X) are well defined for any locally finite module V 
over Uqid). 

Therefore, for any such V we can define the operators wo, w G W, on V^-valued 
functions of A as before. The above lemma allows us to prove the following. 

Corollary 35. For any locally finite Uq{Q)-module V, the operators wo define an action 
o/W. 

Proof. We have to check that the operators SjO satisfy the braid relations. This can 
be checked on finite dimensional Lie algebras of rank 2. But in this case, according 
to Lemma |3^, everything reduces to the case when V is finite dimensional, where the 
statement is known. □ 

6. The dynamical Weyl group element corresponding to the maximal 



6.1. The expression for A^oy ^ind B^^ y. In this section we will study the operator 
^■wo,v for the maximal element Wq of W in the case of finite dimensional Lie algebras. 
This operator is especially important because, as we will show below, it is closely related 
to the operator Qv{X), which is (as we will show elsewhere) the matrix of inner products 
of trace functions, and therefore generalizes squared norms of Macdonald polynomials. 
The material of this section allows one to calculate explicitly the operator Qv and its 
determinant (see below), and therefore prove a matrix analog of the Macdonald inner 
product identities. 

So, let g be finite dimensional, and let Wq & W he the maximal element. Let {xj} be 
an orthonormal basis of f) . Let U, V be finite dimensional modules over Uq{g). 

Lemma 36. One has in V ® U: 



ELEMENT Wq OF W 



At 



^0 i^woy ® ^wo,u)y 



and 



Ad{Al^y ® = q'^'''''^'K = q^^'^'^'n^'q 
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Proof. The statements are obtained from Lemma and Corollary O by passing sending 



A to infinity. Namely, the first equation follows from Lemma and Theorem 50 of |EV1 



The second equation follows from Corollary and Theorem 50 of ||EV1|| . □ 

Remark. Since A'^ y are, essentially, the quantum Weyl group operators. Lemma ^ 
can also be deduced from the theory of the quantum Weyl group (see ||KoSo|| ) . In fact, 
this lemma is nothing but the coproduct property of the maximal element, which is an 
important property of the quantum Weyl group. This property is instrumental in de- 
riving the Levendorski-Soibelman product formula for the universal R-matrix ( ||KoSo|| ). 

Let Q|/(A) = Qy(A)* (in the notation of ||EV2|| , Qy = S{Q)\v, where S is the 
antipode). 

In this subsection we will prove the following result. 
Theorem 37. One has 

A^,M^) = <^^Q{.(A). 
In other words, Qy{X) = B^^^ yW- 

Remark. Note that in the formula for obtained from the definition, the f-terms 
come on the left from the e-terms, while in the product formula for B^^, the f-terms and 
the e-terms are mixed with each other. Thus, the theorem provides a way to perform a 
"normal ordering" of the terms in the product formula for B^^. 

The proof of Theorem |3^ occupies the rest of the subsection. 

Consider the universal fusion matrix J(A), i.e. the element of the completed tensor 
square of Uq{g) which acts in the product V ^ U of finite dimensional [/^(g )-modules 
as JvuW (see jEVp . Let Q(A) = T.S'^c'^Ci, where J(A) = ® 4, and S is the 
antipode. Let Q^{X) = S{Q{X)). T hen Q \v = Qv, Q^\v = Qv- 

It follows from formula (2.38) in iEV2| that 

A(g(A)) = {S0 S)iJ^\\)y' ■ (g(A) ® Q(A + h^''^)) ■ J(A + h^'^ + h^^^)-\ 

Applying the antipode to this equation and permuting the components, we obtain 

A(Qt(A)) = (S® S)iJ^\\ + /i« + h^'^))-' ■ (Qt(A - ^ Qt(A)) . j(A)-i. 

Here we use the fact that = Ad(g^^) and the zero weight property of J; note also that 
we replaced /i*^*-* by —h^''^ in the Q-terms of the equation, since the antipode changes the 
sign. 



On the other hand, we have shown in Lemma ^ that 

Therefore, we have the following lemma. 
Lemma 38. 

'^wo,vmQv(g>uW ^ 

K ■ (Koy ® ^t,u) ■ (S ® S)iJ'\X + + ■ (gt(A - ® gt(A)) . j(A)- 
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We will also need the following lemma. 
Lemma 39. One has onV ®U : 

K ■ MA^,y ® ■ {{S S)iJ'\X + /^(i) + = Jiwo ■ A). 

Proof. We will first transform the equality to a convenient form, and then show that 
both sides satisfy the same ABRR equation ( ||ABRR| , |ES|| ) , which has a unique solution. 
This will imply that the two sides are equal. 

Let us make a change of variable J(A) = J(— A — p). Then the equation to be proved 
takes the form 

Let J{X) = J(A - + Then the equation takes the form 

K-mK.y®K,,uy{is ^ s){j'')-') (A+i^o(/^(^)+/^(^^)) = :^KA+i(/.«+/.(^))). 

Replacing A + ^wo{h^^^ + h^"^^) with A, we obtain the equation 

K ■ Ad(A+^,^ ® Ai^^^) . {{S ® S){J'\\))-') = JiwoX). 

To establish this equation, let us recall that by Lemma 2.4 of PV2|| (see also |[ABRR|| ), 
the element X{\) = J{X) satisfies the ABRR equation 

n^\q^%X{\) = X(A)gS"^®"'(g2^)i. 

Therefore, the element Y{X) = {S ® S){J'^'^{\))^^ satisfies the equation 

n-\q^%Y{X) = Y{X)q~^^^^^^{q^%. 

Thus, using Lemma we get that the operator on V ® U given by 

Z{\) = Ad(A+^ (g) ;^)(F(A)) satisfies the equation 

(7^^l)-lg-S^'®^'(g2"'o^)2Z(A) = Z(A)g-^^»®^'(g2"'oA)2, 

Therefore, the operator T(A) = 7^g^Z(A) satisfies 

(g2'"o^)27^2^"V(A) = T(A)g~^^>®^'^(g2'"«^)2. 
Transforming this using the weight zero property of T, we get 

n^\q^'"''^),T{X) = T(A)(g'"'«^)ig^"'®"\ 
Now we note that the same equation is satisfied by J'^WqX), by Lemma 2.4 of PV2 



Both of these solutions are triangular, with the diagonal part equal to 1. But Lemma 
2.4 of ||EV1|| claims that such a solution is unique. 

Therefore, T(A) = jr(A), and the lemma is proved. □ 

Corollary 40. The operators Ev{X) := A^^y^Xj^^A^^^ yQy{\) have the "grouplike" 
property 

EvmW = ^(A)(^y(A - ® EuiX))J-\X). 
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Proof. This follows directly from Lemma ITSl Lemma and Lemma p9[ □ 



Now we can prove the theorem. Let w be a highest weight vector of V. It is easy to 
see that in this case Qy{X)v = v (this follows from triangularity of J), and Awoy{X)v 
is constant. This implies that Ev{X)v = v. But Part (i) of Lemma 2.15 in ||EV2|| says 



that a collection Ey with the group-like property such that Eyv = v on highest weight 
vectors must necessarily be trivial: Ey = 1. The theorem is proved. 

Remark. Here is a proof of Corollary using Theorem different from the proof 
in |TV|. By Theorem ^ B+{\) = Q^{\). Adapting the formula of PBE|1 for the 
universal fusion matrix to our conventions, we get that the element J7'(A) has the form 

Applying the antipode to the first component, multiplying the components, and changing 
A to —A — 1, we get the result. 

6.2. The determinant of Q^. Theorem allows us to compute explicitly the deter- 
minant of on every weight subspace of a finite dimensional module. 

Proposition 41. One has 

a>0 k>0 

where 

dv{a, 13, k) = dim{V[(3 + ka]) - dim{V[/3 + {k + l)a]). 
Proof. The proposition is immediate from Theorem |3^ and Proposition ^ □ 

7. Applications of the dynamical Weyl groups to trace functions 

In this section we will assume for simplicity that g is a finite dimensional semisimple 
Lie algebra, although the results can be generalized to Kac- Moody algebras (see |[ES2|| ). 

7.1. A generalized Weyl character formula. Recall that in [ [EV2|| we defined the 
trace functions 

v|/v(A,/i) = ^vI/->(A,/i) ® t;* eV[0](» V*[0], 

where Vi is a basis of V[0] and v* is the dual basis of \^*[0]. 

Suppose /i is a large dominant integral weight, and is the irreducible finite dimen- 
sional representation with this highest weight. The intertwining operator descends 
to an operator : — >• ® V, and we define 
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Let us regard \l/v'(A,yu), "^yiX) as linear operators on V[0]. 
Proposition 42. One has 

KW= $^(-ir^y(A,w;-/x)A^,y(/x). 

Proof. The proof is analogous to the proof of the Weyl character formula using the 
approach of |PGG|| ; it is based on the fact that in the Grothendieck group of the category 
O, an irreducible module is an alternating sum of Verma modules. □ 

Remark 1. li V = C, this formula reduces to the Weyl character formula. 

Remark 2. If g = s/„, 1/ = ^''"C" (the "Macdonald" case), then V"[0] is 1- 
dimensional, and so the action of y on V^[0] can be computed explicitly using the 
expression for Agy^ for 5/2- In this case it is easy to show that Proposition ^2] reduces 
to Conjecture 8.2 in [PV|| , which was proved in ||ESt|] (Prop. 5.3). 

Recall that in [ [EV2|] we also defined renormalized trace functions 



where Sq{X) is the Weyl denominator: 6q{X) = J2wewi~'^)'^^'^^^''"''^ ■ 

Let us say that a weight /i is antidominant if — /i is dominant. By analogy with the 
above, one can also define for large antidominant integral weight p 

Fi^iX) = 5qiX)^y''~%X)Qy\-p-p), 

Corollary 43. For an antidomonant fi with sufficiently large coordinates one has 

FvW = $^(-l)'"i^y(A,ti;/i)(X,y.(/i)-^)*. 



Proof. The proof follows from Proposition |2^, and Proposition ^ 



□ 



7.2. Dynamical Weyl group invariance of Macdonald-Ruijsenaars operators 
and renormalized trace functions. Let q ^ 1. Recall that in [EV2] we defined 
the modified dynamical R-matrix R(7y(A) = Ruv{—X — p), and introduced Macdonald- 
Ruijsenaars operators, acting on rational functions of A with values in V[0] 

Vu = J2^M-]i^uv{X))n, 

V 

where Ty maps /(A) to /(A + v). 

Proposition 44. The Macdonald-Ruijsenaars operators are invariant with respect to 
the dynamical action o/W on functions on f) * with values in V[0]. That is, [Vu, w*] = 
for w G W . 
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Proof. We have 

V 

(for brevity we drop the subscripts indicating the modules in which the operators act). 
From Corollary |l^ we easily obtain 

= A^^\\)A^^\\ + h^'^)Ryu{X)A^^\\ + /i«)-M«(A)-i 

Let us substitute this equation into the previous equation, and use the fact that in the 
second component we are restricting to the zero-weight subspace. It is easy to see that 
the ^-factors cancel, and we get 

as desired. □ 

Let us return to the renormalized trace function Fy(A,/i), which we will now regard 
as an element of V^[0] ® V^*[0]. 

Recall from ||EV2|| that Fv{\,ij) satisfies the Macdonald-Ruijsenaars equations 

the dual Macdonald-Ruijsenaars equations 

and has the symmetry property -FV(A, /i) = Fy*{ii, A)* (here the superscripts A, denote 
the variables with respect to which to take shifts when applying difference operators, 
and 0* denotes the operator of exchanging the factors V^[0] and V^*[0]). 

Proposition 45. The function Fv{X,fi) is invariant under the dynamical action o/W 
on functions with values in V[0]. That is, 

Fv{\,fi) = {An,y{w-'\)^An>y*{w''fi))Fv{w~'\,w-'fi), w eW. 



Proof. The proof is similar to the proof of the symmetry of Fy, given in [ h]V2| 



It suffices to assume that q ^ 1- Let Fy{X, jj) denote the right hand side of the equality 
to be proved. By Proposition Fy, like Fy, is a solution of the Macdonald-Ruijsenaars 
equations and the dual Macdonald-Ruijsenaars equations. Moreover, both Fy, Fy have 
the form: g2(A,^j) ^^jjjies a finite sum of rational functions of q^^'°'^^ multiplied by rational 
functions of g^^^'"*) (where the denominators of the rational functions are products of 
binomials of the form 1 — q^^'l^\ respectively 1 — q^'^'^^). 

Let us regard Fv,Fy as functions with values in End(V^[0]). It is easy to see, using 
power series expansions, that a solution of the Macdonald-Ruijsenaars equations with the 
above properties is unique up to right multiplication by an operator depending rationally 
of Similarly, a solution of the dual Macdonald-Ruijsenaars equations with such 
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properties is unique up to left multiplication by an operator depending rationally on 

g(A,ai), go we have 

F(.(A,/i) = X(A)Fv(A,/i), F{.(A,/i) = Fy(A, 
where X, Y are rational operator valued functions of and hence 

X{\)Fy{\,fi) = Fv{X,fi)Y{fi). 

Let us take the limit g('^'"») — > (for all i) in the last equality. It follows from the 
asymptotics of intertwiners (see [[EStf ) that in this limit Fy is equivalent to g'^'^'^^Id. 
So we get limX(A) = Y{fi) for all /i. Thus, Y{fi) is a constant operator. Using the 
symmetry of Fy, we get that X{X) is also a constant, so we get X(A) = Y{fi) = X, 
where X is a constant operator. 

Finally, let us show that X = 1. We have the identity 

XFy(A,/i) = A^,y{w''^X)Fv{w'^X,w'^|2)Anly*{w''^f^y. 
Using Proposition ^ we can rewrite this equation in the form 

XFv{X, /i) = Awy{w~'^X)Fv{w~'^X, W~'^fl)A^,-iy{-fl). 

Now let us take the limit: g^'''"') 0, 0. Then, using Corollary ^ we get 

X^ ^ A^ , T/yl.^_1 Tr ^ X, 

w,V w '-,V ' 

as desired. □ 

7.3. The multicomponent dynamical action and invariance of multicompo- 
nent trace functions. Let Vi,...,Vn be integrable f/g(g )-modules. Define the linear 
operator A^,Vi,...,y„(A) : Vi (g) ... ®Vn ^Vi® ... ® Vn by 

With these operators one can associate the action of W on functions of A with values 
in Vi ® ... ® Vat given by 

(w . /)(A) = A^y^_v^iw-' ■ X)fiw-' ■ A). 

We call this action the shifted multicomponent dynamical action. As before, the 
(unshifted) multicomponent dynamical action is defined by 

WOf = A^y^^,„yj^{w~^X)f{w^^X), 

where 



i=i / 



Aw,Vi,...,VnW — ^w,Vi,...,Vn I "-^ ~ P + 2 

Recall from [[EV2|| that the operator J^ -'^{X) on Vi ® ... ® Vn is defined by 

ji-^(A) = ji'2-^(A)...J^-i'^(A). 
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Lemma 46. Conjugation with the operator J^'''^ transforms the shifted dynamical ac- 
tion ofW into its shifted multicomponent dynamical action. That is, 

J^-^{w) = (wo)ji-^. 
Proof. This follows by applying Lemma |18| several times. □ 

Recall from | |EV2| the definition of the quantum KZB operators Kj,Kj and the di- 
agonal operators Dj, acting on functions of A and /i with values in (Vi ® ... ® Vat) [0], 
respectively (V^ ® ... ® V{)[0] {j = 1,...,N). Namely, set 

(where *i labels the component V*), and 

M^.^(A + + /iO-+i-^))...R.^._i(A + 

where Tjf{X) := /(A + h^^^), and h^-'' acting on a homogeneous multivector has to be 
replaced with the sum of weights of components j, ...,k oi this multivector. Analogously, 
define the operators 

and 



X 



where r,,/(/i) = /(/z + /i*^). 

In | [h]V2| ], we defined the multicomponent renormalized trace functions Fy^ y^(A,/i) 
with values in {Vi ® ... ® VAr)[0] ® (V^ ® ... ® ^i*)[0]. Two of our main results were the 
identities 

{Kj Dj)Fv,,...,Vj, = Fv,,...,v^ 
(the quantum KZB equations), and 

(the dual quantum KZB equations). 

Corollary 47. (i) The multicomponent renormalized trace functions Fv^,...,Vf^{X, ^) are 
invariant under the multicomponent dynamical action wo of W in both components. 
That is: 

((«;o)W ® iwoY^^)Fv,,...,vA\fi) = Fy„...,y^(A,/i). 

(a) The quantum KZB operators Kj,Kj and the diagonal operators Dj,D^ are in- 
variant under the multicomponent dynamical action ofW. In particular, the qKZB and 
dual qKZB equations are invariant under the multicomponent dynamical action. 



Proof. Statement (i) follows from Lemma ^ Proposition ^ and the definitions of |piIV2 



Statement (ii) can be checked directly using Corollary |T9|. □ 
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8. Dynamical Weyl groups for affine Lie algebras and quantum affine 

algebras 

In this section we will consider the dynamical Weyl group in the case when the role of g 
is played by an affine Kac- Moody Lie algebra q , and the role of integrable representations 

of g or Uq{g) is played by representations on Laurent polynomials in one variable 
with coefficients in a finite dimensional vector space (we call them loop representations). 

This situation turns out to be especially interesting for applications. Although this 
setting is very similar to the one already considered, it is not exactly the same, since 
loop representations are not integrable. Therefore, we will describe the changes that are 
necessary to carry out our main construction in this new situation. 



8.1. AfRne algebras and loop representations. In this subsection we will recall 
some standard facts about finite dimensional representations of classical and quantum 
affine algebras. The material on the classical affine algebras is standard; most of the 
material on the quantum case can be found in the book | |Ch]| , and references therein. 

Let g be a simple finite dimensional Lie algebra. Let (, ) be the form on g defined 
in Section 2, and let the positive integer m be defined by {6, 6) = 2m for the maximal 
root of g (we have m = 1 in the simply laced case, m = 3 for q = G2, and m = 2 
otherwise). Let g = g[z, z~^] ©Cc be the standard central extension of the loop algebra: 

[a{z),b{z)] = [ab]{z) + mReso{a'{z),b{z))c. 

Let g = Crf©g be the extension of g by the scaling element d such that [d, a{z)] = za'{z), 
[d, c] = 0. 

The Lie algebra g is the Kac-Moody Lie algebra corresponding to the affine (i.e. 
extended) Cartan matrix of g . In particular, we have g = f) © n+ © fi_ , where fi± are 
the positive and negative nilpotent subalgebras, f) = f) © Cc © Cd. The restriction of 
the invariant bilinear form on g to f) is defined by {d,d) = (c, c) = 0, {d,c) = 1/m, 
[d, h) = {c, h) = 0, h & i) (and the form on 1) is the same as in g ). 

Remark. This normalization of the invariant form is traditional in the theory of 
quantum groups. On the other hand, the traditional bilinear form in the representation 
theory of affine Lie algebras and KZ equations is defined by the condition [6, 6) = 2 on 
the dual space, so it is m times bigger than our form. This is why many of our formulas 
have an extra factor m compared to the formulas from other texts about KZ equations 

(e.g. \wm ). 

The dual Cartan subalgebra of g can be written as f) = f) © Cc* © Cd*, where c*, d* 
are the dual elements to c, d. Thus, elements of f) can be written as triples (A, k, A), 
where A G f) *, /c, A G C, i.e. (A, k, A){h + ac + bd) = X{h) + ka + Ab. The number k is 
called the central charge of A. For instance, the roots of g are the elements of the form 
(a,0,n), where n G Z, a is or is a root of g, and (a,n) 7^ (0,0). The special weight 
Pg for the affine algebra g will be denoted by p. It has the form p = p + K^ c* , where 
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is the dual Coxeter number of g , and p is the special weight for the finite dimensional 
Lie algebra q , regarded as an element of I) .In other words, p = {p, ,0). 

We will denote the Chevalley generators of q hj Ci, fi, hi, i = 1, r, and the additional 
generators of q by Cq, /o, ho. Similarly, ai, will stand for simple roots of g , and aQ 
for the additional simple root of g . 

Let Uq{Q), Uq{g), Uq{n±) be the quantum deformations of the corresponding classical 
objects, defined as in the general Kac- Moody case. In particular, the algebra Uq{g) 
contains elements q^'^, q^'^, b E C 

As before, we will consider the quantum situation but will allow g to be 1, unless 
otherwise specified. 

Let us define the notion of a loop representation of Uq{Q). Let V he a finite 
dimensional representation of Uq{Q). Set V = V[z,z^^], with the following action of 
Uq{Q): d\v = Zj^, and x\y = for x G Uq{Q), such that [d,x] = nx. 

Definition: V is called a loop representation. 

Thus every loop representation V has a natural structure of a module over C[2;, z~^], 
and the underlying representation V is reconstructed hy V — V / {z — 1)V . Moreover, if 
a e C* then we get a new finite dimensional representation V{a) — V/{z — a)V of Uq{Q). 
This representation is called the shift of V by a. 

We will need the following proposition. 

Proposition 48. (i) Any finite dimensional representation Y of Uq{^) has a weight 
decomposition with respect to Uq{i)) C Uq{g) (where P) := {) © Co). 

(a) In any finite dimensional representation Y ofUq{Q), the element c acts by zero 
(in the q-case, by this we mean that q^'^ = 

(Hi) Statements (i) and (ii) are valid for loop representations. 

Proof. This Proposition is well known, but we will give a proof for the reader's conve- 
nience. 

Statement (i) follows from the fact that any finite dimensional representation has a 
weight decomposition with respect to any (quantum) s/2-subalgebra corresponding to a 
simple root (by representation theory of quantum s/2). 

Let us prove (ii). By the existence of a weight decomposition, it suffices to prove 
this for irreducible representations. But in an irreducible representation, c (respectively, 
q^'^) acts by a scalar. If g = 1, this scalar must be zero, as c is a linear combination 
of [cj, fi\ and thus Tr(c) = 0. If g 7^ 1, it suffices to show that q'^ = 1 (as the weights 
are integral). But (go — %^)[(^0i fo] = 'f^^ ~ q"'^^^ . Since Wq^^ = in a finite 

dimensional t/g(g )-module we have Tr{q^ ) = Tr{q~^ ) 7^ 0. Thus, 

= (?o - qo')Tr([eo, /o]) = (g^ - g-^)Tr(g^"). 



Thus, q'^ — ±1, but it is an integer power of g, so g'^ = 1 as desired. 
Statement (ni) is clear from (i),(n). 



□ 
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The main examples of finite dimensional representations of Uq{Q ) are the so called 
evaluation modules. To define them, let us first assume that q = 1. In this case, for 
any a G C*, we have the evaluation homomorphism ev^ : U{q) — > f/(g), defined by 
eVa{x{z)) = a;(a),eva(c) = 0. Let F be a finite dimensional irreducible g -module. Then 
let Y{a) denote the g -module ev*F (the pullback of Y). This module is called an 
evaluation module. It is easy to see that the associated loop representation is Y[z,z~^], 
with pointwise action of g . 

For g 7^ 1, by evaluation modules over Uq{g ) we will mean q-deformations of evaluation 
modules for g ; in other words, finite dimensional modules which remain irreducible when 
restricting to t/g(g). 

Remark. For g = s/„, there exists an analog of the homomorphism ev^, introduced 
by Jimbo (see e.g. [ EFK|| ). In this case, we can define the evaluation module Y{a) 
corresponding to any irreducible finite dimensional ?7g(g )-module Y, in the same way 
as in the classical case. In other words, we can q-deform every evaluation module. 
Outside of type A, the evaluation homomorphism does not exist, and, as a result, not 
every evaluation module can be deformed (e.g. the module corresponding to the adjoint 
representation of g cannot); but some evaluation modules can still be deformed, e.g. the 
vector representation for classical groups. 



8.2. The afRne Weyl group. In this subsection we will recall basic facts about affine 
Weyl groups. These facts are standard, and can be found in the literature (e.g. fChl 



|Ch2|| and references therein), but we will give the definitions, statements, and even some 



proofs for the reader's convenience. 

Let W denote the Weyl group of g . It has generators sq, ...,Sr, satisfying the usual 
braid and involutivity relations. 

Let be the dual root lattice of g . It is well known that W " is isomorphic to the 
semidirect product W k Q"^ of the Weyl group W of g with the dual root lattice (i.e. 
the Cartesian product W x Q"^ with the product {w,q){w',q') = {ww', {w')~^{q) + q')), 
via the isomorphism defined by Sj (s,, 0), i 7^ 0; Sq — ^ {sq, —6*^). In particular, W and 
are subgroups of W" in a natural way. To avoid confusion, given an element (3 G Q^, 
we will write for the corresponding element of W", and use the multiplicative (rather 
than the additive) notation for the product of such elements; thus, t^t^ = 

Let us compute the action of W on i)* = [) * © Cc* © Crf*. The action of W is 
obvious (i.e. it acts only on the f) *-component, keeping the other two unchanged), so 
let us calculate the action of the lattice Q"^ . 

Recall that elements of f) can be written as triples (A, k, A). 

We have the following result. 

Lemma 49. One has 



tiy{X, k, A) = (A + mki', k,A — (A, u) — mA;(z/, z^)/2). 
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Proof. Let us call the operator defined by the right hand side by t'^^. Using the identity 
Sosg = tgw , we get that t,y = for u = 9"^ . Since the statement that t^, = is Weyl 
group invariant, and t'^^+u^ = tl^K^, this is sufficient. □ 

It is also useful to introduce the extended affine Weyl group W^ By the definition, 
W'' = W X P"^, where is the dual weight lattice. Thus, W'' naturally contains W" 
as a subgroup. We can define the action of on weights by extending the formula 
of Lemma ^ to elements u G P^. It is easy to check that the set of roots is invariant 
under W'' (as the pairing between P^ and the root lattice Q takes only integer values: 
these two lattices are dual to each other). 

Let G be the simply connected Lie group corresponding to g . It is easy to see that 
the exponential map e := exp(27rz ■ *) : g G identifies the group P"^ /Q^ = U with 
the center G. Indeed, the lattice is the kernel of e restricted to f) , so we have an 
injective induced map e : P^ /Q"^ —>■ G. This map lands in the center since elements of 
P"^ give integer inner products with roots, and hence elements e{x), x G P^ /Q^ act by 
the same scalar on all weight subspaces of any irreducible finite dimensional G-module. 
Reversing this argument, we see that this map is also surjective, so it is an isomorphism. 

This implies that W acts trivially on 11. Indeed, the action of W on 11 is induced 
by the action on the maximal torus T C G of the normalizer NT C G of this torus 
by conjugation. So the elements of 11 are invariant under this action because they are 
central in G. 

Thus, the subgroup W° is normal in W^, and the quotient W^'/W" is naturally 
identified with 11 (the identification is induced by the embedding P'^ — > W^). 

It is useful to introduce the notion of the length of an element of W By the definition, 
let the length of G W*, denoted by l{w), be the number of positive roots which are 
mapped under w to negative roots. It is obvious that this number is finite, and that 
simple refiections have length 1. It is known that the length of an element of W° given 
by a reduced decomposition with n factors is n, and that if A, /i G P^ are dominant then 
/(A + ii) = /(A) +/(/u) (see e.g. | |(Jhl| , |Uh2| j , and references therein; the statements follow 



by looking at how A and /i act on positive roots). 

Let new'' be the group of transformations that have length 0, i.e. those which map 
the sets of positive and negative affine roots to themselves. 

It is clear that any element u' G W ^ of length n > can be represented as a product 
w = aw', where w' has length n — 1. Indeed, let a be a simple positive root such 
that w~^a is negative (clearly such exists, otherwise w G 11). If /3 and wP are positive 
roots, then wP ^ a, so SaW^ is positive. In addition, Sqw(— w^^a) = a is positive, so 
l{saw) = n — 1. 

Thus, we get a factorization = IIW". Moreover, the factorization of an element 
of Wfo into a product of elements of and 11 is unique, since W"" and 11 intersect 
trivially (as nontrivial elements of W" have positive length). In other words, the exact 
sequence 
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is split (canonically!), and the subgroup W" C W** is complemented by the subgroup 
n. Thus, we have W'' = ft k W". 

In fact, the canonical splitting homomorphism rj : H — /Q"^ W'' can be con- 
structed explicitly as follows. 

For any i = 1, ...,r, let Wq be the maximal element of the Weyl group of the Levi 
subalgebra of g , whose Dynkin diagram is obtained from that of Q by throwing away 
the i-th vertex of the Dynkin diagram. Let = WqWq. 

Recall that the fundamental coweights for g, uj^f , i = l,...,r, are the elements of 
defined by aj{u!^) = 6ij. We say that a fundamental coweight a;/ is minuscule if 
0{Ui) = 1. (For non-minuscule coweights, this number is greater than 1). 

It is known that for any element tt 7^ 1 of 11, there exists a unique minuscule funda- 
mental coweight cj/ G P"^ which represents vr in P^/Q^, and all minuscule fundamental 
coweights are obtained in this way exactly once. 

Let us denote the coweight cu/ corresponding to tt by uJ^{7r), and the index i by i^. 

Proposition 50. The homomorphism rj is defined by r]{Tr) = ^a)V(7r)WjT^^j. 

Proof. Wc need to show that f] lands in IT and that it is a homomorphism. Let us prove 
the first statement. So let tt E H, ij^ = i, and let us show that 77(7?) G 11. 

It is clear that if j 7^ 0, i* (where i* is the dual vertex to i) then aj is mapped under 
ri{n) to Q;(j'), with j' 7^ 0. Thus, we need to show that ai* and ao are also mapped to 
simple positive roots. A simple computation shows that this property is equivalent to 
the identity w^Oi = 9. So let us prove this. 

Let w^ai = (3. Clearly, (/5,a;j^) = 1. So /3 is a positive root of the form (3 = ai + j, 
where 7 is a linear combination of positive roots except a^. Similarly, 9 = ai + j', and 
7' > 7. Thus, 

Now, we see that since 7' > 7, the height of the right hand side (i.e. the sum of the 
multiplicities of the simple roots) is < 1, and the equality is possible only if 7 = 7'. But 
the right hand side is a positive root, so 7' = 7 and hence (3 = 9. 

Now we prove the second statement (that 77 is a homomorphism). Since 77 lands in 
n, it is sufficient to check that the map H WVW" = P^/Q^ induced by 77 is a 
homomorphism. But this is obvious from the definition. □ 

Thus, n can be identified with n via 77, and can thus be regarded as a subgroup of W''; 
we will assume from now on that we have performed this identification. In particular, any 
element tt G 11 acts on W" by conjugation. It is easy to show that this action permutes 
simple reflections according to an automorphism of the extended Dynkin diagram F" of 
Q. In other words, we have a homomorphism (in fact, an embedding) 11 Aut(r"). 

Remark. It is easy to check that Aut(F") = Aut(F) K 11, where F is the Dynkin 
diagram of q . 

Example. Consider q =5/2- In this case the group W" is generated by two elements 
So,Si such that Sq = = 1, with no other relations. So we can think of W" as 
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the group of all affine linear transformations of the integers, which is generated by 
so{x) = —X, Si{x) = 1 — X. The group W'' is in this case the set of all affine linear 
transformations of the half-integers, so it has the form = H x W", where U = {1, vr}, 
7i{x) = I — X. We see that = = |Z, and the action of 11 on is given by 

tisqti'^ = si, nsiTT~^ = So, as predicted by the general theory. We have Wi{x) = x + 1/2, 
and the element W[i] is given by W[i] (x) = —x. 

8.3. Intertwining operators and expectation values. Let X be a module over f) 
which has a weight decomposition, and let M be a module over Uq{g) from category 
O. For any weight i>, define the space (M(g)X)[i>] to be ®^M[(3] (g) X[z/ - (3] (where © 

is the completed direct sum, i.e. the Cartesian product over all (3). Elements of this 
space are arbitrary (possibly infinite) sums of tensors whose first and second components 
are homogeneous. Define the completed tensor product M^X to be ©,>(Mc|)X)[z/] (an 
algebraic direct sum). 

Let be the Verma module over Uq{Q) with highest weight A. Let V he a. finite 
dimensional representation of f/g(g ), and V the corresponding loop representation. Con- 
sider an intertwining operator $ : M^©V^. Like for intertwiners into the usual 
tensor product, we have $f = (8> f + where ... denote terms of lower weight in the 
first component, and v G l^[A — /2] (but now the sum denoted by ... may be infinite). By 
analogy with the previous setting, we will call v the expectation value of $ and write 
< $ >= V. 

Let us now generalize Lemma |^ to the affine case. For clarity we will split this 
generalization into two lemmas. 

Let be a loop representation, and i) a weight in V. 

Lemma 51. For generic A the map zs an isomorphism of vector spaces 

Homu,(^^){M-„M~^_^,^V) ^V[i)]. 

Remark 1. Here "generic" means away from a countable (possibly infinite) number 
of hyperplanes. 

Remark 2. Note that the lemma would be wrong if we used ® instead of ©. 



Remark 3. Note that in Lemma 51, the central charges of A and X — u are the same. 



by Proposition 48, unless the spaces are zero. 



Proof. Straightforward, as in Lemma |I|; see also Theorem 3.1.1 in [^FK]. □ 



This lemma allows one to define the interwining operator $^ with expectation value 
V. As before, it has coefficients which are rational functions of A or g('^'">). 

Lemma 52. The map $ — >< ^ > is an isomorphism for dominant weights A with 
sufficiently large coordinates X{hi). 



Proof. The lemma is proved by arguments similar to those in |[ESt|| . Namely, similarly 
to IIFStll , one can write down an explicit formula for ^Jy^, and show that its poles are 
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all of first order and can occur only on hyperplanes (A + p, a) = ^{a,a) for positive 
roots a and such n > that ¥[9 + na] 7^ 0. If a dominant weight A belongs to such 
a hyperplane, then {a, a) > 0, so a is a real root. But it is clear that there exists a 
number such that for n > N one has ¥[9 + na] = for any weight u of V and any 
real root a. □ 

Remark. Note that the last statement of the proof of Lemma |5^ would be false for 
imaginary roots. 

8.4. The dynamical Weyl group for loop representations. It is easy to see that 
loop representations are locally finite, so the dynamical Weyl group operators A^y{X), 
w eW"", are already defined on them. It is easy to see that these operators are linear 
over C[z, z~^]. 

Moreover, we have an analog of Proposition [T3: 

Proposition 53. One has 

^^w x ~ '^w-ji ® ^w,v{^) < $ > flower weight terms. 
Proof. The proof is analogous to the proof of Propsition □ 

8.5. Fusion matrices. Now let us generalize to the affine case the construction of fusion 
matrices. 

First of all, define completed tensor products of Laurent polynomial spaces. Let Vi be 
vector spaces, and Vi = Vi[z, z~^]. Define Vi ® ... ® Va? to be 

Vi^...^Vn ■■= (Vi (g) ... (g)Vn)[[z2/zi, zn/zn^i]][zi, z^^], 

where Zi denote the formal parameters corresponding to V^. It is clear that if Vi are 
loop representations of f/g(s) then Vi^ ...^Vn is also a representation of this algebra, 
which is locally finite. In fact, Vi ® ... Vn is a certain completion of the ordinary tensor 
product V^i ® ... ® Vat. 

Now let A G f) be a generic weight. Let V, U be loop representations of f/g(g ), and 

V e V[p], u e U[i>]. 

Consider the composition 

<i>^' (^1 

(It is easy to see that this compoosition is well defined; see also [[EFK|| for explanations). 
Then ^^•'^ e Homt;^(g)(M3^,M3^„-_-®(f/^\/)). Let x =< ^^'^ >. Since U,V have a 
weight decomposition by Proposition the assignment {u, v) x is bilinear, and 
naturally extends to a zero weight map 

JuvW : U^V U^V, 

linear over C[[22/-2i]][2;i, z^-^]. This means, the operator Jf/y(A) can be understood as an 
element of End(t/ ® V)[[z2/ziW. 
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The operator JuvW is called the fusion matrix of U and V. The fusion matrix JuvW 
is a power series in z = Z2/Z1 of the form 

n>0 

where Juv,nW is a rational function of A (respectively q^). Also, Juv,oW = JuvW^ 
where A is the f) *-part of A, where tj, V are considered as Uq{g )-modules. In particular, 
this shows that Jf/v(A) is invertible. 

Let us also define the multicomponent fusion matrix. Namely, let Vi,...,Vn be loop 
representations of Uq{g), Then define an operator 

Ji-^(A) : Vi^...^Vn ^ Vi^...^Vn, 

by 

J ■■ (A) := -^v\,y20...(><Dyjv(A)---'>^yjv-i'yiv('^)- 
This operator can be regarded as an element of End(Vi ... (S> Vn)[[z2/ ^i, zn/zn_i]]. 

Remark. It is easy to see that the matrix elements of the operator J^ "^ are the 
expectation values of products of intertwining operators (i.e. the correlation functions 
for the Wess-Zumino-Witten conformal field theory, for g = 1, and its q-deformation. 



for g 7^ 1), which are the main objects of discussion in ||EFK|| . In particular, it is known 
that if the representations Vi are irreducible then the formal series J^'"^ {X,(i, ■■■,Cn-i) 
is convergent (for a generic A) to an analytic function of Q in some neighborhood of zero 
|EFK|] and references therein). However, we will not need this fact in this paper. 



see 



8.6. The multicomponent dynamical action. Let Vi, Vn be loop representations 
of f/g(g). The multicomponent shifted dynamical action w of W on Vi (8) ... ® V^r is 
defined in the same way as it was defined in the general Kac-Moody case. 
Similarly to the general Kac-Moody case, we have the following proposition. 

Proposition 54. The operator J^-'^ conjugates the shifted dynamical action o/W" 
into its shifted multicomponent dynamical action. That is, 



Proof. The proof is the same as that of Lemma [T^ and Lemma □ 
Define 

J^-^(A) = J^-^(-A-p + ^5^/.») 

2=1 

Corollary 55. The operator J'^'"^ conjugates the (unshifted) dynamical action ofw"^ 
into its multicomponent dynamical action. That is, 

Proof. Clear. □ 
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8.7. Trigonometric KZ equations for J'^'"'^ (q = !)• In this section we will assume 
that A = {\,k,0). Let (, ) be the inner product on g that we defined before, and let 

= 1. 



Ca, fa be Cartan-Weyl generators such that (e^, fa) 
Define the Drinfeld r-matrix for g 

r = J2ea® fa + lYl 



Xi ® Xi 



a>0 



(recall that Xi is an orthonormal basis of f) ). 

Let Vi, Vn be loop representations of f/(g). Define the trigonometric KZ operators 
on Vi'^ ...^Vn- 



Vj(A) = mkzi 



_d_ 

dzi 



_|_ ^i^ji ~^ ^i^ij _|_ 



where the rational functions of Zi on the right hand side are expanded in a power series 
with respect to Zijzi^x. 

Remark 1. Observe that mkzi-^ + A*^*-* = A^*^ on Vi^V2'^ ...^Vn, and that the 
operator can be thought of as the action of the Drinfeld r-matrix of the affine 

Zi Zj 

algebra g in the tensor product of two loop representations. 

Remark 2. We note that our trigonometric KZ operators differ from those of |[rV| 
by a change: A —A, (apart from the overall factor of m). This is 



the cause of a number of sign discrepancies between ||TV|| and this paper 
Let V°(A) be the "Cartan" part of Vi(A), i.e. 

d 



V°(A) = mkzi 



dzi 



j<i 1=1 



„(i) 



xj (8) x; X 



3>i 1=1 



«®xp^ + A«. 



Theorem 56. ||TK| , [FR|| (trigonometric KZ equations) One has 

V,(A):ri-^(A) = :ri-^(A)v°(A). 



Proof. This is, after some transformations, the content of Theorem 3.8.1 in PFK|| . This 
is also the multicomponent version of the ABRR equation for affine Lie algebras, pro- 
jected to the product of loop representations (see ||ES|| ). 



□ 



Remark 1. Note that in Theorem 3.8.1 of ||EFK|| , there is a misprint: there should 
be a factor | in front of < /ij, yUj + 2p >. 

Remark 2. In the KZ equation for conformal blocks, the central charge k occurs in 
a combination k + (see |[EFK|| ) . This shift of k by is absent here because when 
passing from J to JT, we have performed a shift by p, which, in particular, involves a 
shift of khjK^. 

Remark 3. We note that the finite-dimensional analog of Theorem ^ (i.e. the 
corresponding statement for g and not for g) appears in [[rV|| as formula (2) (in the 
case N = 2). We also note that formula (2) of ||'LV|| can be generalized to an arbitrary 
Kac-Moody algebra. 
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Theorem 57. The trigonometric KZ operators Vi(A) commute with the dynamical ac- 
tion ofW . 

Proof. We have seen that the operator J^---^ conjugates the operators Vj to the diagonal 
operators V°, and the dynamical action of the braid group to the multicomponent 
dynamical action. It is easy to see that the multicomponent dynamical action commutes 
with the operators V°. This implies the desired statement. □ 

8.8. Trigonometric qKZ equations for J^ -^ {q ^ 1). Let us now describe the 
generalization of the content of the previous section to the quantum case {q 1). 

Let Vi, V)v be loop representations of Ug{Q). Let TZij{zi/zj) G End(Vi ® ^^^[[-Zi/^]] 
be the projection of the universal R-matrix. 

Remark 1. This projection is well defined. Indeed, since c = in and Vj by 
Proposition the part g™(c'X"^+'i®c) ^.j^g universal R-matrix disappears when it is 



evaluated on Vi Vj; thus the R-matrix defines an element of End(yj V,) [[^i/^j]]- 

Remark 2. We note (see [[^'Rl , | |DI''K[] ) that if the representations Vi, V2 are irreducible 
then the R-matrix 7li2{zi/z2) G End(Vi ® V2)[[zi/ Z2\] is not only a power series, but 
is actually an analytic function (for small Z1/Z2), which moreover is a product of a 
scalar meromorphic (transcendental) function on C (which is holomorphic at 0) and an 
operator-valued rational function. 

Let p = g2mfc_ 

Define the trigonometric qKZ operators 

V?(A) = 7^,^.l,(^)...7^^,(^)(g^),T,,p7^a(-)-^..7^.,_l(^)-^ 

Zi Zi Zi 

where Ti^pZj = zjp^'^ . 

Let Vf ° be the "Cartan part" of Vf . That is. 



Vf (A) = gE.xI«(E,>,-r-E,<,-r)(^A)^y^^ 

Theorem 58. ||I''R]| (trigonometric qKZ equations) One has 

V,^(A)^i-^(A) = j'-''{X)VfCX). 
Proof. This is the main result of ||I''R)| ; see also Theorem 10.3.1 in |EF^ (where the 



simply laced case is treated). This is also the multicomponent version of the ABRR 
equation for quantum affine algebras, projected to the product of loop representations 
(see PS|). □ 



Remark. Note that in the non-simply-laced case, the statement of the main theorem 
of ||FR|| should be corrected. Namely, the quantity k + h"^ in the quantum KZ equations 



should be replaced by m{k + h"^), which agrees with our statements here. 

Theorem 59. The trigonometric qKZ operators V^(A) commute with the dynamical 
action o/W . 

Proof. Analogous to Theorem E^. □ 
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9. The dynamical difference equations 

In this section we would like to apply the material of the previous section to deriving 
the dynamical difference equations from ||TV|| . Before we do so, we need to establish a 
few auxiliary results about evaluation representations. 

9.1. The operators Ai{z,X). Let V he a loop representation of Uq{g). Let D be 
the common denominator of {uji,ujj), where Ui are the fundamental weights of g. Let 
= V^(8>c[2,2-i] C[z^^^, z~^^^]. The space has a natural structure of a representation 
of Uq{Q). We call the extended version of V. 

Let TTj e n, W7i G be the elements such that t^v = HiWi. For example, if = uj^iiv) 
is the minuscule weight corresponding to vr G 11, then VTj = tt, = 

Let q = 1- For i = 1, r, and any loop representation V of g , consider the operators 
Uiy on given by the formula 

Also, let TTj denote the automorphism of Ug{g) defined by permuting the labels of the 
generators according to the permutation VTj G Aut(r'^). 

Lemma 60. There is a unique Lie algebra automorphism C,i of g , which satisfies the 
equation 

^.(a)lve = Uiya\v-U~y, aE g 

in all loop representations, 
(a) One has 

where Cij are nonzero complex numbers, and d is a principal grading element. 
(Hi) There exist elements Xj G f) such that = vTj o Ad{e^^). 

Proof. The proof is easy. □ 

So, let us define the Hopf algebra automorphisms of Uq{g) for any g, using the same 
formulas for the action of S,i on generators. It is easy to see that part (iii) of Lemma ^ 
is valid in the g-case, with the same elements Xj. 

Remark. We note that for g 7^ 1 one no longer has = Ad{z~'^i i^w- v)~^)- 
Now let g 7^ 1, and let be a loop representation corresponding to an evaluation 
representation V. 

Proposition 61. There exists a unique operator Uly on V, which is a q-deformation 
of the classical operator Hty, such that 

Ua)\v^=Ulya\y.{Uly)-\ 

and the determinant ofU'^y on V^/ {z^^^ — 1) is independent on q. More specifically, the 
first condition defines this operator uniquely up to a constant, while the second condition 
fixes the constant. 
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Proof. Recall that any automorphism of an algebra acts on the set of equivalence classes 
of representations of this algebra. All we need to show is that the representation V is 
stable under the automorphism for any q. 

It follows from Drinfeld's highest weight theory of finite dimensional representations of 
Uq{Q ) that there is a unique, up to a shift of parameter, finite dimensional representation 
of Uq{g ) with the same Uq{g )-character as V (namely, all such representations have the 
form V{a) for some a). On the other hand, it is easy to check that does not change 
the f/y(0 ) -character of a representation. This implies the statement. □ 

Consider now the completed tensor product 

V = V^^^Vi^...^V^ := {Vi^V2'^...^Vn) (8)c[^±1] C[^f 

of extended loop representations associated to evaluation representations V^. Define the 
operators Uiy on by the formula 

Let z — {zi, zn)- Consider the following operators on V: 

It is easy to see that the operators Ai{z, A) really depend only of the components A, k 
of A. Also, the parameter k will be fixed in the following discussion, so we will not write 
the dependence on it explicitly. Thus we will denote Ai{z, A) simply by Ai{z, A). 

Remark. It is easy to see that the matrix elements of the operator Ai{z,X) are 
Laurent polynomials of with coefficients in rational functions of A (or g'*'). 

Let K = mk. Our main result in this subsection is the following. 

Theorem 62. The operators Ai{z, A) form a holonomic system. That is, 
Ai{z, A + fvUjj)Aj{z, A) — Aj{z, A + Ku;^)Ai{z, A). 

Proof. We have (dropping V from the subscripts and q from the superscripts for brevity): 
Ai{z, A + KUjJ)Aj{z, A) = UiAy,.{t^fX)njAu,^CX) = UiUj^-\Ay,,{t^fX))Au,^CX) = 

= U,Uje-^^fT\A,^^(t^fX))e^^A^^iX) = U,Jl,e-^^+-"^'''^^-^h-\A^^{t^.X))A^^C>^) = 

n,n,e--^+^^(-)(-^U^-.(^^)(.^,A)x,(A). 

Now recall that in the braid group W we have t^^vt^v = t^vt^v, and hence 7iJ^{wi)wj = 
7r~'^(wj)wi (with the length of both being l{wi) + l{wj) in the affine Weyl group). This 
implies that the product A -i, ){wjX)Ayj.{X) is symmetric under interchanging i and 
j (the 1-cocycle relation). Thus, the theorem is equivalent to the statement that the 
expression Gij = YliUjC^^^'^'^i jg symmetric in i and j. But this statement is 

A-independent, so it is sufficient to prove the theorem in the limit A — > oo (respectively, 
qiKai) _^ -i-oo). We can also assume that F is a single loop representation. 
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Now, for g = 1, this statement is clear since the operators Ai in the hmit A ^ oo 
are just z~'^^ . In particular, for q = I, conjugation by Gij and conjugation by Gji act 
in the same way on the generators of g. But since Xi are g- independent, this action is 
independent on q. Thus, the two actions coincide even at g 7^ 1. Since V is an irreducible 
module over Ug{Q), by Schur's lemma this means that GijG~l = Cij{q), where Cij{q) 
are nonzero complex numbers, and Cij{l) = 1. 

Finally, taking the determinants, we find that some power of Cij is 1, so by continuity 
Cij = 1 also. The theorem is proved. □ 

9.2. The dynamical difference equations. Theorem ^implies the following result, 
which applies both to the classical and the quantum situation. 

Theorem 63. Consider the system of difference equations 

ip{z, A + KUi) = Ai{z, A)v?(z, A), i = I, r. 

with respect to a function ip 0/ A G f) * and Zi, ...,zn with values m Vi ® ... ® V/v- Then: 
(i) This system is consistent, (i.e. Aj{z,\ + nuj'^)Ai{z.,X) = Ai{z, X + K,ujJ)Aj{z, X) 
for allij). 

(a) This system commutes with the KZ (qKZ) equations: 

A(z, A)V^(A) = V^(A + nuj^,)A{z, A). 

Proof. Statement (i) is exactly Theorem |6^. Statement (ii) follows from the fact that 
the operator liiy commutes with the KZ (qKZ) equations. □ 

Definition. We call this system of difference equations the dynamical difference 
equations for Uq^Q ). 

9.3. The expression of the dynamical difference equations via the operators 
B^{X) in the case g = 1. For any quantized Kac-Moody algebra, let 
^wi^) '■— P)- Let us write the dynamical difference equations from the previous 
section in terms of the operators corresponding to the quantum affine algebra Uq{Q), 
in the case g = 1. 

Proposition 64. Let g = 1. Then the linear operator Ai{z, A) is defined by the formula 

A(z,A) = (n(s"^')^^'^)i3;:;.(A), . = l,...,r 

where X = (A, k, 0). In particular, the dynamical difference equations for g = 1 have the 
form 



Proof. This is immediate from the previous results. 



□ 
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From this formula, it is seen that (as was observed aheady in [p^V|| ) the difference equa- 
tions corresponding to minuscule fundamental coweights are especially simple. Namely, 
in this case, G W C W", which implies that the operator B^.{X) is independent of Zi 
and of K. 

Let us now write down an explicit formula for i3+(A), w G W^, in a representation of 
the form V{ ^ ■■■ ®V^, where Vf are extended loop representations. 
For a real root a of g , let a be its f) *-part, and let = a{d). 

flV(i) /2 /3V{JV) 12 

For a root /5 of g , let Z/^ be the operator ...z^ 

Proposition 65. Let 6 : w = Sjj...Sj; be a reduced decomposition of w. Let be the 

corresponding roots and nij := m^j ■ Then on the representation ®V2 ® V^, one 
has 



.7=1 ^ 



Proof. The proposition follows immediately from Proposition 31 and the definitions. □ 



Corollary 66. The dynamical difference equations for q = 1 coincide with |[TV|| , eq. 
(16), after the change of variables X ^ -A. 

Proof. The proof is by a straightforward comparison of the two systems. □ 

Corollary 67. The dynamical difference equations (16) in [P?V|| are consistent and com- 
mute with the trigonometric KZ equations (in the form of |P?V|| j. 



We note that the consistency of the dynamical difference equations was shown in |[TV| 



Lemma 23, using Cherednik's theory of affinization of R-matrices. The compatibility of 
the dynamical difference equations with the trigonometric KZ equations was proved in 
|[LV|] for Lie algebras of type other than Es,F4^,G2 (Theorem 24), and was conjectured 
for the remaining three types (the proof of Theorem 24 uses the existence of a minuscule 
fundamental coweight, and hence fails for Eg, F4,G2). Proposition |67| implies that this 
conjecture is correct. 

9.4. The case q = sin, 5' 7^ 1- Consider the case g = sin, 7^ 1- To make our picture 
complete, let us calculate the operators Il^y for evaluation representations of f/g(0). 

First of all, it is easy to check that the operators I^y are consistent with tensor 
product (i.e. they agree with morphisms mapping one evaluation representation into a 
product of others). On the other hand, it follows from Drinfeld's highest weight theory of 
finite dimensional representations that any evaluation representation occurs in a tensor 
product of shifted vector representations (see e.g. fC^]). Thus, it is sufficient to compute 
the operators Iljy for the vector representation. 

So let V be the vector representation of Uq{Q), evaluated at z = 1. Recall that this 
representation has a basis fi, in which the action of the generators is defined by 
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the following formulas: 

where Eij is the elementary matrix, and the index i is understood as an element of 
Z/nZ. 

The crucial properties of this formula is that these formulas are independent on q, 
and in particular are the same as those for q = I. Therefore, we get 

Proposition 68. The matrices of the operators Il^y in the basis {vj} are independent 
of q. They are given by the formula 

where 

lij = z^~^, i + j>n, 

and 

^^^ = {-z^/y, i+j<n. 
(where in the last two formulas i,j are integers, not elements ofZ/nZ). 
For example, the matrix of the operator ^ for n = 2 is 

-^-V2\ 

J ■ 
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